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We would now likedo characterize those functions f : IR-1 which are distributions of loc

finite Bevel measures ou IR willMad .
We already know hot such a function is

right-continuous and increasing ,
and used , together with local finiteness of he , gives : Vla

,
b)

-530760 such Kat V B = (a
,

b)

X (13) (d => M(B) = E
.

For open B
,

we know What B = Llan
,

bul so X(B) = Zu-an) and M(B)=/lau,
ball,

nf/N

but he has no cons by Max ,
10

**

M(lan ,
bu)) = M/lan ,

ba]) = flbul-flaul
,

so

↑ (B)= (f(b)-Faul : Ifb-fl .

Tes
,

we have
nEIN

x(B)= 16.-= (b)=f(6)-flum) = 2
.

This motivates the following :

Def
. A function folR-> IR is called absolutely continuous or (a,b) if US30 Ed-0

for all
openMan ,

bul (a
,

8)
,

wehe

[lburan)= => ZIf(b) - floul) : 3
.

nE SN nESN

We say
but is locally absolutely continuous if t is absolutely continuous on

every
(a

,
b) = IR.



Examples, Lipschitz => absolutely continuous => uniformly continuous.

Theorem /characterization of distributions of M1) .

For an increasing filB-IR ,

TFAE :

(1) + is a distribution or
a loc

.

Finite Bond measure MX.8

(2) FTC holds for f
,

i .
e

.

I' exists a.e .

and f(b)-fla)
=
If'dx fr all acb.

(3) + is locallyabsolutely continuous
.

Proof
.

(1)(1) was proved last time and (13) was argued above by restricting mass
to

open sets. We show (3) = (1) by the regularity of M . Suppose 13).

Since + is increasing and continuous
,

it is a distribution of a loc
.

finite monatomic

loc
. finite Bonel measie M or

1
.

To show that MX,
by a X-well set B : la

,
b)

and dow Not M(B) = 0
,

or equivalently , M(B) * 3 for all 320.

let 50 be given by absolute continuity on 1
,
b) for this 2

. By regularity of

↓, Here is an open
set USBach that x(U) E5

.

But then U : Llan
,

bal
,

nf(x

so 1(4) = [Au-an) -5 here /B)= Allan,bull Mllaa
,

617) = [flbul-flas =
> E

.

EIN nEI

le in monatomic

We now give an example of a uniformly continues increasing function that is not

absolutely continuous.



Example (the devil's staircase)
.

Let U : IN-> IR by mapping binary requences to herna-

·

> representations : X H 0
. Rxo (2x) (2xul ... Tues

,
O is a honeomorphism between

It and the standard Canter net 2
.

Let M on 1 be the push forward measure

of Bernoullitt) by 6
. Then the distribution f(x) : = M/10 , x3) of M is a

continuous increasing function : 10
,
B-> 20

,
B

,
in particular , uniformly continuous

because 10
,
1 is compact.

This f is called the Canter function of devil's staircase.

We knohut U : = [0
,DIC

f is n-null hence is constant

on every
interval Is U.

Cantor function Here is the extricit description
of f

.
Write x[0

, 1) inter

navy , favouring I's ,
i
. e.

write 0. 2010000 ...

instead of 0
.
2002222

...

=
o
Fo to Ip #10

I ,
-

I
, Then not all the sequence

to the right of the first 1
,
if exists

,
and turn all Is into Is

.

So

+ 10 , 2012202 ...
) = 0

. 101 and 10
.
2020220

...) = 0. 1010110
...

Note Pat indeed
,

since +X , F = 0
a.

e
.

Which we alreats know from the fact that

↓ is constant on every interval [U) and f is not absolutely continuous by (3)=3I

of the theorem above.



Lastly ,
we would like to characterize (maybe mon increasing) functions for whichRe

FTC holds
,

and for this we have to consider signed measures on IR
.

Because

non-finite signed measures are slightly anroying to handle
,

we restrict to finite signed measures.

Def
. For a signed measure v on some measurable space ,

let V = 0+ -0-be its Hahn de

composition into a difference of measures . Denote UK : = 0
+

+ U- and call it the total varia-

tion of r. We say that v is quile if be is a finite measure.

We already know that

finite Bowl measures I
distribution bounded increasing right-continuous functions

finite Bor signed measures <s ?

For a finite signed Boeel measure v on IR
,

f : /B-ID is called a distribution of

~ if v/la
,
83) = f(8)-f(u). For example, f(x): = G0(10, x7) if x0

·

u((x
, 0]) if x = 0

These functions are unique up
to a constant.

We know hot he finity measure has hold distribution
.

We need to come up with

the correct anague of "bold" for signed measures
.

Let so be a finite signed measure

on IR and let f:-1 be a distribution of 0. By Haha decomposition of

v = +- D
-,

we know not fofe-fe
,

where fe
,
fo are the respective distributions



of u
,
0

-.

So t is a difference of two increasing functions
,

each of which

is bod
. We would like to understand how to find this fo and E.

By the finiteren of 0
,
VP(B) -VP/IR) < &. Thus

,
for
any open

U
=Lan,bl,

& (IR) = ve(K)z* /(an
, bu])e[/an , bu])1 = [If(bu) - flaui)

.

U

This modivates the following :

Def
. For fo IR- IR

,
let to : IR-10

,
87 be defined by :

Tf(x) : = imp(f(x) - f(xi)) :
- &sXo(X,

c ...
(x. x] :

i = 0

It is called the total variation of f
.
We sy thatf has bounded variation

if Tra :=him to

Note
.

For acl
,
Tilbl-Tok) = supkin)-f(xi)l : a = xo < X, ... Xu*b) is

the vertical distance traveled by the graphe off on 19
,

6).

Prop . For f :R-1R
,
TFAE :

(1) I has bold total variation
.

(2) f is a difference at bod increasing functions
, namely f=T +f)- (t-f) .

Proof
.

HW
.

We can now fill in the ? in "finite Bowl signed measures s ?
Il



Theorem. For f : ID-> /R
,
TFAE :

(1) fin a distribution of a finite signed Bonel necure o on IR
.

R2) F is right-continuous and has bod total variation.

Proof
.

We have already shown 117(2) by Haha decomposition er, and (2) = (1)

is HW.

We can also preve the analogese of FTC for I potentially moniccreasing) functions :

Thorem
.

For a function f : /R-IR
,
TFAE :

1) f is a distribution of a finite signed Borel measure - with u*X.
b

(2) f exists a
.

e
.

and is in LI
,
X

,
and the FTC holds : f(b)-f(a) = fdx Face .

(3) f had bod total variation and is absolutely continuous.

Proof-sketch
. This follows from the analogous theorem for increasing functions and

the fact that bodtotal variation is equivalent to being a difference of tho Gold

increasing functions
.

Details left as HW.


